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SHORT-TIME APPROXIMATIONS
IN NONLINEAR VISCOELASTICITY*

J. LUBLINER

Department of Civil Engineering, University of California, Berkeley

Abstract-An approximation for nonlinear viscoelasticity over short time ranges, recently published by Huang
and Lee, is extended to include large deformations and simplified by the dropping of insignificant terms. An
alternative approximation for short times is developed systematically as the counterpart to Coleman and Noll's
approximation for slow deformations. This method is applied to the study of acceleration waves.

1. INTRODUCTION

A FEW YEARS AGO Coleman and Noll [1-3] established some important theorems on the
asymptotic behavior of nonlinear viscoelastic ("simple") materials. Using the axiom of
fading memory, they showed that for slow deformations the behavior can be approximated
by constitutive equations of the Rivlin-Ericksen type, tending to Newtonian viscosity in
the limit, while for deformations (relative to the "present" configuration) which, in the
recent past, are infinitesimal, the behavior is characterized by linear viscoelasticity. The
latter approximation is also valid for large deformations if they take place slowly, but is
superseded by the former.

A considerable amount of work in viscoelasticity is concerned with deformations that
vary rapidly and by finite (though small) amounts. Constitutive equations for small finite
deformations were presented by Pipkin [4], on the basis of the work ofGreen and Rivlin [5],
in the form of multiple-integral expansions for functionals possessing sufficient continuity.
In order to study the effects of rapid variations, Huang and Lee[6] presented an approxima­
tion to Pipkin's equations which is, in form, a special case of the equations derived by
Coleman and Noll [2] to represent "finite linear viscoelasticity". This note will discuss the
validity of Huang and Lee's approximation, present an alternative, and show some
applications.

While all the references cited above [1-6] work with three-dimensional deformations,
it is sufficient for the purposes of the present discussion to treat the situation characterized
by one stress variable (1 and one deformation variable e, the former being a functional of
the latter. The extension to the general case is made by a suitable mapping onto the space of
second-rank tensors, providing that objectivity requirements are observed.

2. DISCUSSION AND GENERALIZATION OF
HUANG AND LEE'S APPROXIMATION

If the functional mentioned above is continuous, then, to any desired accuracy, we have
N

(1 = L Sn
n~l
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with
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(2)

(3)

where t is the time, with the origin so chosen that e = 0 for t ~ O. The kernels K n( •.• ) are
symmetric functions of their arguments.

The first term 8 1 is the familiar relaxation integral oflinear viscoelasticity. The next term,

8 z = f~f~ KZ(t l , tz)e(t-tl)t(t-tz)dt l dt z,

may be integrated by parts to yield, after Huang and Lee [with e written for e(t)],

z ft aKz8z = Kz(O,O)e +2e -a-(tJ,O)e(t-tl)dtl+Rz,
o t l

where

Let

then

Similarly,

where

Let

(4)



then
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(5)

IR 3 1 ~ M 3(3Bt2 +Ct3
).

The preceding analysis completes, in effect, Huang and Lee's approximation. But it can
be readily seen that, for any n,

S" = K"(O, . .. ,O)e"

+ne"- lJt 0:oK"(t l,O, ... , O)e(t- td dt 1 +Rn,
o d l

with

as

M, t -+ O.

Hence

(6)

where

N

£(e) = L Kn(O, ... , O)e",
n= 1

~ oK" "-1G(e, t d = L. n--;-(t1,0, ... ,O)e ,
n= 1 ut 1

N

R = L R",
"=2

with

as
t -+ O.

With R neglected, equation (6) is formally identical with the one-dimensional equation
of finite viscoelasticity [2].

I will now show that, just as in the case of slow deformations, finite linear viscoelasticity
is superseded by the Rivlin-Ericksen approximation, with the constants related to integrals
ofthe relaxation function [3,7], so in the case of rapid deformations the generalized Huang­
Lee approximation, equation (6), may in turn be simplified. Let us define

el (t) = f~ e(tddt l

and by recursion,
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hence by definition eo == e. Also,

Clearly,
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Let us consider, now, the second term on the right-hand side ofequation (5). Integration
by parts leads to

with

Letting

we find

hence

Qn = 0(Mnt2
)

exactly like Rn. There being no a priori reason to suppose that 02 Kn/otj differs substantially
in order of magnitude from 02 Kn/ot lot 2 , one should neglect Qn if one neglects Rn. Equation
(6), therefore, reduces to

(J = F(e)+GI(e)e l +0(t2
),

where GI(e) = G(e, 0). On defining the kernel "traces",

Kn(t) = Kn(t, . .. , t),

we also have
N

F(e) = L Kn(O)en,
n=1

N

GI(e) = L K~(O)en- I.

n= I

(7)

The effect of the approximation (7) is that of the kernels Ki . .. ) the only significant
parts are those which are linear in the arguments. In their calculations, Huang and Lee
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used quadratic and exponential kernels; we see now that the contributions of the nonlinear
terms are of the same order of magnitude as the neglected terms.

3. A SYSTEMATIC SHORT-TIME APPROXIMATION

Let us expand all the kernels as power series
00 00

Kn(t 1, ••. tn) = 2. '" 2. K~~)...kA' ... t=n.
k,=o kn=O

(8)

The coefficients K~~)... kn are symmetric with respect to their subscripts. Inserting into
equation (2), we obtain

00 00

s -" "K(n) e ... en - L., '" L., k, ...k. k, k.
k, =0 kn=O

(9)

The contribution of anyone term is O(Mntk , + .•.kn ).

It is now possible to gather all terms ofany desired order in M and t, and to ipproximate
by lopping-off those of orders higher than a desired one (in M or t). For example, if terms
up to t 2 are retained we have

N N

a = " K(n) en + "nK(n) en-IeL., 0 ...0 L., 0 ...01 1
n=1 n=1

N N n(n 1)+ "nK(n) en-Ie + " __-_K(n) en- 2e2
L., 0 ... 02 2 L., 2 0 ... 011 1

n= 1 n= 2
(10)

+O(t3
).

The first two terms are equivalent to equation (7); the next two represent the next approxi­
mation.

If e is represented by a polynomial,

e(t) = 2. amtm,
m

then

_" k!m! k+m
ek - L., (k ),amt .

m +m.

Consequently the stress may be represented by a power series,

a(t) = 2. bmtm.

'"
The first three coefficients may be obtained from equation (0), to wit:

N

b = " K(n) ano L., 0 ... 0 0'
n=1

N

b -" (K(n) n-l +K n)1 - L., n o...oao an O...Ol aO'
n: 1

N [( n-1 )b = L n Kif) an- 1a +__an- 2a2
2 n= 1 ... 0 0 2 2 0 1
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+ (n-~)K(n) an- 1a2 0 ... 01 0 1

(
1 n-1 ) J+ _K(n) +__K(n) an
2 0 ... 02 2 0 ... 011 o·

These expressions are particularly simple if the strain history is continuous, i.e., ao = 0:

bo = 0,

(11)

1
b - KO)a +K(2)a2+ KO)a

2 - 0 2 00 I :2 I I'

These expressions will be used in the following application.

4. APPLICAnON TO WAVE PROPAGAnON

We consider the one-dimensional equations of wave propagation,

aa cv
ax = Po at' (12)

v being the velocity, in the material half-space x > °with uniform rest density Po, and the
boundary condition

t > 0, x = 0.

Since the velocity input is continuous, we expect it to be propagated, at least for a certain
distance, as an acceleration wave moving with material speed U. Hence we assume solutions
in the form

e = I an(x)rm
,

m=l

v = I cm(x)rm,
m~1

with r = t-xIU, valid in some region °< r < T(x), °< x < X. We are not concerned
with the limits of validity T(x), X. Assuming term-by-term differentiability, we obtain, from
equations (12),
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Since b l and b2 are given by equations (11), we obtain, after elimination,

(Po U2
- KI>l)c I = 0,

finding the material wave speed to be given, as expected, by

U = (Kl>ll/p)t;

and

519

(13)

Equation (13), which governs the variation ofthe acceleration discontinuity CI as the wave
progresses, has been derived by other means by Varley [8J and by Coleman and Gurtin [9].
Further results have been obtained elsewhere by the use of the present method [10].
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Resume--Une approximation pour la viscoeIastieite non-lineaire sur des portees iI temps court, recemment
publiee par Huang et Lee, est prolongee pour inclure de grandes deformations et simplifiee par la cessation d'em­
ploi de termes insignifiants. Des approximations alternatives pour des eourtes durees de temps sont systematique­
ment developpees en contrepartie des approximations de Coleman et Noll pour les deformations lentes. Cette
methode s'applique iI I'etude des ondes d'aeceleration.

Zusammenfassung-Eine Annaherung der nichtlinearen Kurzzeit-Viskoelastizitat, die kiirzlich von Huang und
Lee veroffentlicht wurde, wird ausgedehnt urn grosse Verformungen einzuschliessen, und durch Weglassen
unbedeutender Glieder vereinfacht. Eine Alternaliv-Annaherung flir Kurzzeilen wird systematisch enlwickelt
als Gegenstiick zu Coleman und Nolls Annaherungen fUr langsame Verformung. Diese Methode wird zur Unter­
suehung der Besehleunigungswellen angewandt.
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A6cTpaKT-PaCWHpeHO HeAaBHO ony6J1HKoBaHHoe npH6J1H)I(eHHe AJlJI HeJlHHeltHolt BJl3Ko-ynpyrocTH

Ja KOpOTKHe npoMe)l(yTKH BpeMeHH XyaHr H JIH. '1T06b1 BKJlIO'IHTb 60JlblIIHe ,necjlopMal\HH H ynpOll\eHO

onylIIeHHeM He3Ha'lHTeJlbHbIX Bblpa)l(eHHlt.

CHCTeMaTH'IecKH BbIBOAJlTCJI aJlbTepHaTHBHbIe npH6J1H)I(eHHJI AJlJI KOpOTKHX npoMe)l(yTKoB BpeMeHH

II npOTHBOnOJlO)l(HOCTb npH6J1H)I(eHHJlM KOJleMaHa H HOJlJl (Coleman and Noll) ,nJlJl MeAJleHHbIX ,l1ecjlop­

Mal\Hlt. 3TOT MeTO,n npHMeHJleTCJI AJlJI H3Y'leHHJI BOJIH yCKOpeHHJI.


